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^ ■ Abstract 

_i ■ Given a locally compact quantum group G, we study the structure of completely bounded 

homomorphisms vr : L^{G) — t- B{H), and the question of when they are similar to *- 
homomorphisms. By analogy with the cocommutative case (representations of the Fourier 
algebra A{G)), we are led to consider the associated map vr* : LUG) — >■ B{H) given by 
7T*{uj) = 7r(a;^)*. We show that the corepresentation K- of L°°{G) associated to vr is in- 
vertible if and only if both vr and tt* are completely bounded. Moreover, we show that the 
2 ' co-efficient operators of such representations give rise to completely bounded multipliers of 

the dual convolution algebra L^{G). An application of these results is that any (co)isometric 
corepresentation is automatically unitary. An averaging argument then shows that when G 

CN I is amenable, vr is similar to a *-homomorphism if and only if vr* is completely bounded. For 

compact Kac algebras, and for certain cases of A{G), we show that any completely bounded 

Q^ , homomorphism vr is similar to a *-homomorphism, without further assumption on vr*. Using 

O I free product techniques, we construct new examples of compact quantum groups G such that 

L^{G) admits bounded, but not completely bounded, representations. 
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phism, multipliers, corepresentation, amenability, free product. 
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%J ■ 1 Introduction 

Given a locally compact group G, a uniformly hounded representation of G on a Hilbert space H 
is a weakly continuous homomorphism ttq from G into the invertible group of the algebra B{H) 
of bounded operators on H, with ||7ro|| := sup^^Q ||7ro(s)|| < oo. The study of uniformly bounded 
representations of locally compact groups has been central to the development of harmonic analysis 
and to understanding the structure of operator algebras associated to locally compact groups (see 
[IIl[l5l[32] for example). 

A uniformly bounded representation ttq : G — ;■ B{H) is called unitarisable if there exists an in- 
vertible T G B{H) such that T'Ko{-)T~^ is a unitary representation. G is called unitarisable if every 
uniformly bounded representation of G is unitarisable. In [121 [16], Day and Dixmier independently 
showed that if G is amenable, then G unitarisable. Perhaps one of the most celebrated open prob- 
lems concerning uniformly bounded representations is Dixmier 's similarity problem, which asks 
the converse: Is every unitarisable locally compact group amenable? For recent progress on this 
problem, see for example [29l E] . 



In this paper we initiate the study of "uniformly bounded representations" of locally compact 
quantum groups, and generalise Dixmier's similarity problem to this context. To motivate the 
objects of study in this paper, recall that for a locally compact group G, there is a bijective cor- 
respondence between non-degenerate bounded representations n : L^{G) — )■ B{H), of the Banach 
*-algebra L^{G), and uniformly bounded representations ttq : G — )■ B{H). The correspondence 
between n and ttq is given in the usual way by integration: 

{n{co)a\(3) = f co{s){no{s)a\(3) ds {to E L\G),a,(3e H). 
Jg 

Note that ||7r|| = ||vro||. Further, as L^{G) = L°°{G)^, is a maximal operator space, tt is automati- 
cally completely bounded with \\7!'\\ct3(L'^{G),B{H)) = IKH. Moreover, from the above correspondence, 
it is easy to see that a non-degenerate representation vr : L^{G) — )■ B{H) is (similar to) a *- 
representation of L^{G) if and only if ttq is (similar to) a unitary representation. 

Thus, if G is a locally compact quantum group with von Neumann algebra L°°{G) and convo- 
lution algebra L^{G), we are led to consider (completely) bounded representations vr : L^{G) — )■ 
B{H). A representation vr : L^(G) — )■ B{H) is called a * -representation if the restriction of vr to 
the canonical dense *-subalgebra LUG) C L^(G) (with involution u i— )■ u^), is a *-representation. 
This is equivalent to the fact that t^Il^^g) = vr*, where vr* : L^{G) — )• B{H) is the representation 

obtained from vr via the formula tt*{(jj) = n^u^)*. As usual, we say vr is similar to a * -representation 
if Ttt{-)T^^ is a ^-representation in the above sense, for some invertible T G B{H). 

A necessary condition for a representation vr : L^(G) — )■ B{H) to be similar to a *-representation 
is that both tt and vr* extend to completely bounded maps from L^(G) to 'B(-ff) (see Proposition [3]4]). 
We therefore begin our investigation by focusing on properties of representations vr : L^{G) — )■ B{H) 
where both vr and vr* are completely bounded. 

Completely bounded representations vr : L^(G) — )■ i3(-f/^) correspond to corepresentations K- G 
L°°(G)®S(i7), that is, operators with (A O 6)(K) = K,i3K,23- We show in Theorem ESI that 
when Vtt is invertible in L°°{G)®B{H), then tt* is automatically completely bounded. By using 
the duality theory for locally compact quantum groups, and the theory of completely bounded 
multipliers ([131 El l22]) we show in Theorem 14.51 that the converse is true- if vr and vr* are 
completely bounded, then V.,^ is invertible (with an appropriate modification when vr is a degenerate 
homomorphism) . Furthermore, invertible corepresentations share many of the nice properties of 
unitary corepresentations- they interact well with the unbounded antipode, and are "strongly 
continuous", that is, Kr £ M(Co(G) ® Bo{H)), see Theorem 14.91 We also show that the co- 
efficient operators of such a representation vr naturally induce completely bounded multipliers 
on the dual convolution algebra L^(G) (Corollary 14. 8p . This generalises a classical result of de 
Canniere and Haagerup [TSl Theorem 2.2], showing that coefficient functions of uniformly bounded 
representations of a group G are always completely bounded multipliers of the Fourier algebra 
A{G). We believe that invertible corepresentations, equivalently, vr such that vr* is also completely 
bounded, should be thought of as the correct quantum generalisation of a uniformly bounded group 
representation. 

An interesting corollary of these results is that a corepresentation U which is not necessarily 
unitary, but is at least a partial isometry, and is either injective or surjective, must automatically 
be unitary. This follows since if vr is the associated homomorphism, then the condition on U is 
enough to show that vr* is completely bounded, and then U must be invertible. An application 
of this is an improvement upon a construction of Kustermans: the "induced corepresentations" 
constructed in [25] are always unitary, without any "integrability" condition; see Section U31 



Another application of our results is to the similarity problem for amenable locally compact 
quantum groups. When G is amenable, Theorem 14.51 combined with some averaging techniques 
with invariant means shows that a representation vr : L^(G) — )■ B{H) is similar to a ^-representation 
if and only if both vr and vr* are completely bounded maps (Theorem 15. ip . This generalises the 
results of Day and Dixmier on the unitarisability of amenable groups, as well as some known 
results for compact quantum groups. When G is a compact Kac algebra (and for certain cases of 
A{G)) we are able to improve these results and show that every completely bounded representation 
TT : L^(G) —7- B{H) is similar to a *-representation, without assumption on vr* (see Theorems 16. 2 [ 
EH and EH). 

In [8], the first examples of bounded, but not completely bounded, representations of Fourier 
algebras were constructed. Using non-commutative Khintchine inequalities from free probability 
theory, we show that similar constructions hold for certain free products of compact quantum 
groups; such representations cannot, of course, be similar to ^-representations. Moreover, for the 
representations constructed here, we show that there are co-efficient operators which fail to induce 
bounded multipliers of L^(G) (Corollary 17. 2p . This provides further evidence that completely 
bounded maps are indeed the "correct" maps to study. 

The paper is organised as follows. In Section HI we review some basic facts about locally 
compact quantum groups which will be needed in this paper, fixing some notation along the way. 
We also make some remarks on the extended Haagerup tensor product. In Section |3] we show the 
correspondence between completely bounded representations vr on L^(G) and corepresentations 14, 
and show that if vr is similar to a ^-representation, or VJr is invertible, then vr* is also completely 
bounded. In Section H] we prove the converse to this result. We first study the duality theory of 
locally compact quantum groups, trying to find a quantum analogue of the function space L^{G) fl 
A{G). We then show that coefficients of representations vr, such that both vr and vr* are completely 
bounded, induce completely bounded multipliers. This result is then applied to prove that K- is 
invertible. In Section [5l we consider the similarity problem for locally compact quantum groups, 
focusing on the amenable case, and refining our results for compact Kac algebras in Section O In 
Section[71 we construct bounded representations of L^(G) which are not completely bounded, where 
G is a certain free product of compact quantum groups. Section [8] deals only with representations 
of Fourier algebras, and extends some of the results obtained in [7] . Finally Appendix |A] looks 
at weak*-closed operators, and proves a technical result about analytic generators of a-weakly 
continuous, one-parameter groups. 

Finally, a quick word on notation. We use (■, ■) to denote the bilinear pairing between a Banach 
space and its dual, and (-I-) to denote the inner product of a Hilbert space. We use the symbol 
® for the von Neumann algebraic tensor product; for tensor products of Hilbert spaces, or the 
minimal tensor products of C*-algebras, we write simply ®. We shall use standard results from 
the theory of operator spaces, following [T7] for example. 
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2 Locally compact quantum groups 

For the convenience of the reader, we give a brief overview of the theory of locally compact quantum 
groups. Our main references are [28] and [27]. The first reference is a self-contained account of 
the C*-algebraic approach to locally compact quantum groups, and the second reference discusses 
the von Neumann algebraic approach. For other readable introductions, see [26] and ^3\ . 

A Hopf-von Neumann algebra is a pair (M, A) where M is a von Neumann algebra and A : 
M — >■ M®M is a unital normal *-homomorphism which is coassociative: (t ® A) o A = ( A ® i) o A. 
Then A^, induces a completely contractive Banach algebra product on the predual M*. We shall 
write the product in M^ by juxtaposition, so 

(x, ojuj') = {A{x),UJ (g) cu') {x G M, CO, to' G M*). 

Recall the notion of a normal semi-finite faithful weight ip : M+ — )■ [0, oo] (see [5S| Chapter 
VII] for example). We let 

n^ = {x & M : ip{x*x) < oo}, m^ = spanjx*?/ : x,y E n^}, mj = {x G M+ : ip{x) < cxo}. 

Then m<^ is a hereditary *-subalgebra of M, n^ is a left ideal, and mj is equal to M^ flm^. We can 
perform the GNS construction for </), which leads to a Hilbert space H, a linear map A : Ui^ — )■ if 
with dense range, and a unital normal *-homomorphism vr : M — )■ B{H) with 7r(x)A(|/) = A{xy). 
In future, we shall tend to suppress vr in our notation. Tomita-Takesaki theory gives us the modular 
conjugation J and the modular automorphism group {at)t£R- Recall that there is a (unbounded) 
positive non-singular operator V (denoted A in [38]) which induces (at) via at{x) = V**xV~** for 
X E M and t G M. Finally, M is in standard position on H, so in particular, for each u G M^,, 
there are ^,7] E H with u = u^^ri, where (x, w^^.^) = {x^\rj) for ^,7] E H. 

A von Neumann algebraic locally compact quantum group is a Hopf-von Neumann algebra 
(M, A), together with faithful normal semifinite weights (p,ip which are left and right invariant, 
respectively. This means that 

ip{{uj(^i)A{x)) =(^(x)(l,w), ij{{i(^uj)A{y)) =^{y){l,uj) (w G M+, x G m+, y G m+). 

Using these weights, we can construct an antipode 5*, which will in general be unbounded. Then 
S has a decomposition 5* = i?r_j/2, where R is the unitary antipode, and {Tt)teE. is the scaling 
group. The unitary antipode i? is a normal *-antiautomorphism of M, and AR = a{R -R)A, 
where a : M®M — )■ M®M is the tensor swap map. As R is normal, it drops to an isometric linear 
map i?* : M^, — )■ M^,, which is anti- multiplicative. As usual, we make the canonical choice that 
^p = %l) o R. 

Associated to (M, A) is a reduced C*-algebraic quantum group (A, A). Here A is a C*- 
subalgebra of M, and A : A — > M{A ® A), the multiplier algebra oi A® A. Here we identify 
M{A ® A) with a C*-subalgebra of M^M; indeed, given a C*-algebra B C B{H), we can always 
identify the multiplier algebra M{B) with {x G B" : xb, bx E B {b E B)}. 

There is a unitary W, the fundamental unitary, acting on H ® H (the Hilbert space tensor 
product) such that A(x) = iy*(l ® x)W for x G M. Then PF is multiplicative, in the sense 
that Wi2W^i3W^23 = W23Wi2- Here, and later, we use the standard leg number notation: W12 = 
W <^ I, Wi3 = 223^1^12^23 and so forth, where here T,:H^H^H^H is the swap map. The 
left-regular representation of M* is the map A : a; h- >■ {u}®i)W. This is an injective homomorphism, 
the norm closure of A(M^,) is a C*-algebra denoted by A, and the cr-weak closure of A(M^,) is a 
von Neumann algebra, which we denote by M. We define a coproduct A : M — )■ M®M by 



A(x) = iy*(l ®x)W , where W = SiyS. Then we can find invariant weights to turn (M, A) into 
a locally compact quantum group - the dual quantum group to M. We then have the Pontryagin 

duality theorem which states that M = M canonically. There is a nice link between the scaling 
group of M, and the modular theory of the (left) Haar weight of M, in that Tt{x) = V**a;V~** for 

X e M, t e M. 

In this paper we will use the symbol G to indicate the abstract "object" to be thought of as a 
locally compact quantum group. Inspired by the classical examples of locally compact groups, we 
write L°^(G) for M, Co{G) for A, C\G) for M{A) (the multiplier algebra of A), L\G) for M„ 
and L^(G) for H. We denote the locally compact quantum group dual to G by G, and use the 
notations L°°{G) = M, L^{G) = M^, and so on. In order to distinguish between objects attached 
to G from those attached to G, we decorate elements in L°°(G), L^{G) etc. with "hats". For 
example, we write x G L°°(G), and u G L^{G). 

Since the antipode 5 of G is unbounded in general, there is not a natural way to turn L^[G) 
into a *-algebra. However, L^{G) always contains a dense subalgebra which has a conjugate-linear 
involution. We follow \TA\, see also |271 Section 2]. Define L^{G) to be the collection of those 

u G L^{G) such that there exists w" G L^(G) with {x,u^) = {S{x)*,ijj) for each x G D{S). Then 
Lu(G) is a dense subalgebra of L^(G), and w t— ;■ w" defines an involution on Lj(G). As |2U 
Proposition 3.1] shows, given u G L^{G), we have that u G -^J(G) if and only if A((X')* = A(a;') 
for some u' G L^(G). Furthermore, the left regular representation A becomes a *-homomorphism, 
when restricted to Lj{G). 

When G is a locally compact group, we write VN{G) for L°°{G) (the von Neumann algebra 
generated by the left regular representation of Ag : G — )• U{L'^{G))), and write A{G) for L^{G), 
and call this the Fourier algebra of G. The Fourier algebra was first studied as a Banach algebra 
by Eymard [19]. The left regular representation A : A{G) — t- Co(G), is a completely contrac- 
tive *-homomorphism, which allows us to identify A{G) with a dense *-subalgebra of Cq{G), the 
identification being given by 

\{cu){t) = {XG{t-'),u;) {CO G A{G),t G G). 

See [32] for details (note that the above identification differs from the one considered by Eymard, 
where t is replaced by t~^ in [I9]). So as to not overburden notation, in many places (especially in 
Section |8]) we will drop the notation A from above, and just view A{G) as a concrete *-subalgebra 
ofCo(G). 

2.1 The extended Haagerup tensor product 

Let M and A^ be von Neumann algebras. The extended (or weak*) Haagerup tensor product of M 
with N is the collection of x G M^N such that 



E 



x = 2_^Xi^yi 

i 

with (j-weak convergence, and such that ^^ XiX* and ^^ y*yi converge a-weakly in M and A^ 
respectively. The natural norm is then 



I''' ||e/i 



1/2 I 



1/2 



i i i 

and we write M ®eh N for the resulting normed space. See [6] or [18] for further details. 



Suppose we are given (xj),^/ C M and (yi)j6/ C A^ with Yli^iK ^^^ J^iViyi converging a- 
weakly. Let M C B{H) and A^ C B{K). Then there are bounded maps X : H ^ H ^ f{I) and 
Y : K ^ K (g)f{I) given by 

i i 

where ((5j)jg/ is the canonical orthonormal basis for ^^(/). Indeed, X*X = J2i^i^i ^^^ Y*Y = 
'^iViVi- Letting E : iiT ® £^(/) — )■ -^^(Z) ® i^ be the swap map, a simple calculation shows that 

(X* ® 1)(1 ® S)(l ® F) = J] X, ® y, G M®Ar C B{H ® iT). 

i 

This argument hence shows that Yli^i ® Vi always converges a- weakly in M^N, as long as 
Sig/ XjX* and ^^gj y*yi converge a-weakly. Finally, note that ii H = K then 

i 

and in particular, if M = X, then ^^ Xj|/j converges cr-weakly in M to X*y . 

3 Completely bounded homomorphisms and corepresen- 
tations 

In this section, we investigate the correspondence between completely bounded representations vr 
of L-'^(G), and corepresentations of f/ G L°°{G)^B{H) (which are not assumed unitary). We show 
how various naturally defined variants of it are associated to variants of U. In particular, we show 
that IT is similar to a ^-representation if and only if U is similar (in the sense of corepresentations) 
to a unitary. One of our variants of tt is defined using the unbounded *-map on Ll{G). We show 
that if U is invertible, then all of the variants of tt are completely bounded. A principle result. 
Theorem 14.71 below, is that the converse to this result is also true; and hence we have a bijection 
between invertible (not necessarily unitary) corepresentations and a certain class of completely 
bounded representations. 

We are interested in completely bounded homomorphisms vr : L^(G) — )■ B{H). We have the 
standard identifications (see [171 Chapter 7]): 

CB{L\G),B{H)) = {L\G)^r{H)y = L°°(G)®i3(if). 

Here ® denotes the operator space projective tensor product, and ® the von Neumann algebraic 
tensor product. We use the notation that n : L^(G) — )■ B{H) is associated with K- £ L°°{G)®B{H), 
the relationship is that 

tt{u) = {u (g) l)V^ {ueL\G)). 

We use the standard leg numbering notation, see for example |2l HI] . 

Lemma 3.1. Letir : L-'^(G) — t- B{H) he a completely hounded map, associated to \4 £ L°° {G)®B{H) . 
Then Tt is a homomorphism if and only if (A (g) i)V^ = Kr,i3Kr,23- Similarly, tt is an anti- 
homomorphism if and only if (A i)K- = K-,23K-,i3- 

6 



Proof. For uJi,U2 G L^{G), 

while 

7r(a;i)7r(a;2) = (wi O 0K(w2 ® OK = (^i ® a;2 ® 0(^,13^,23), 

and so TT is a homomorphism if and only if (A®^) VJ^ = Kr,i3V",r,23- The result for anti-homomorphisms 
is analogous. D 

The condition that (A (g) i)\4 = Kr,i3Kr,23 says that \4 is a co-representation of L°°(G). Simi- 
larly, we say that V^ is a co-anti-representation when (A (g) 6)14 = Kr,23Kr,i3- 

Following [7j, given a locally compact group G and a representation vr : A{G) -^ ^iH), we 
define vf, vr* and vr by 

7i{uj) = n{uj), n*{uj) = nicJ)*, it{uj) = fc{ujy = 7i(5)* (tu E A{G)), 

where cij{g) = uj{g^^) (viewing A{G) as a subalgebra of Cq{G)). 

For uj G L^{'Gi), define uj* by {x,uj*) = {x*,u) for x G L°°{G). As A is a *-homomorphism, it 
is easy to see that L^(G) — )■ L^{G)]uj i— )■ cj* is a conjugate linear homomorphism. Recalling the 
definition of Lj{G) from Section [21 given vr : L^(G) — )■ B{H), we define 

vf : L;(G)* ^ S(iJ); a;h^vr((a;*)«), 
vr* :L;(G) ^i3(i7); u; h> vr(u;«)*, 
^:Li(G) ^i3(i7); u;^vr(u;*)*. 

These are defined by analogy with the A{G) case, and the following results show that they are 
natural choices. 

Proposition 3.2. Let vr : L^(G) — )■ B{H) be a bounded map. Then it is completely bounded if and 
only if a is completely bounded, and in this case, V* = Vji. Furthermore, it extends to a completely 
bounded map defined on L^{G) if and only if it* extends to a completely bounded map defined on 
L^{G), and in this case, VJ* = Kr*. 

Proof Let U G L°°(G)®i3(/7) and define : ^^(G) -^ B{H) by 0(u;) = (w l){U). Then 

(Pitu*y = {{tu* ® i){u)y = {{to ® i)iu*yy = iLo® i)iu*). 

It follows immediately that vr is completely bounded if and only if vr is, and that V* = V^. As 
vr*(c(;*) = vf(a;)*, similarly vr extends to completely bounded map if and only if vr* does, and 

K* = K.. □ 

We wish to show that *-representations of I>J(G) do give rise to completely bounded vr such that 
also vr* is completely bounded. To do this, we need to investigate how unitary, or more generally, 
invertible corepresentations interact with the antipode. 

Let us recall a characterisation of the antipode using ideas very close to the extended Haagerup 
tensor product. This is shown in [2S1 Corollary 5.34] in the C*-algebra setting, but the same proofs 
work in the von Neumann case. Let x, y G L°°(G) be such that there are families (xj), (|/j) C L°°(G) 
with ^j XiXl < cxD and ^ y*yi < 00, and such that 

x^l = J2 A(xi)(l ® y,), y^l = ^(1 ® Xi)A{y,). 

i i 

Then x G D{S) and S{x) = y. Note that these sums converge cr-weakly, compare Section [ZTl For 
further details on characterising the antipode in this way, see [HI Proposition 5.6]. 

7 



Theorem 3.3. Let \4 G L°°{G)®B{H) be an invertible corepresentation, associated to a completely 
bounded homomorphism it : L^{G) — )■ B{H). Then fc is a completely bounded anti-homomorphism, 
and V-^ = \4- 

Proof. Let a,(3 E H, let (/j) be an orthonormal basis of H, and set 

Xi = {i^ a;/^,;3)(K), yi = {l® UajJiV'^). 

As in SectionEm it is easy to see that ^. XiX* = (i(8)Wa)(\4Kr*) and ^- y*yi = {l^U(s){{V~'^)*V^^), 
with the sums converging a-weakly. Now, using that (A (g) '')(K-) = K-,i3K-,235 

J2 A(si)(l ® y,) = ^(i ® L ® w/„/3)((A ® 0(V;))(1 ® Z/i) 

= ^{i ® 6 ® w/„/3)(K,i3V;,23)(l ® (i ® a;„,/J(K'^))- 

i 

Now, for any Hilbert space K, and S,T G B{K (g) if), 

i 

Thus 

^ A(Xi)(l 0yi) = ii0i^ Wa,/3)(K,13K,23V;;23) = (^ ® W„,/3)(V;) ® 1. 
i 

Similarly, as A is a homomorphism, (A (g l){V^^) = V^^23Kr iV ^^^ so 

5^(1 ® x,)A(|/,) = ^(1 ® (6 ® u;;^,^)(V;))(. ® L u;a,/J(K:23K:i'3) 

Thus iL(S)u^,is)iV^) e D(^) and S{iL ^u^,^)iV^)) = (l^ u^^^)iV-'). 
Let uj* G Lu(G), so we have that 



(x, (a;*)») = {S{x)*, UJ*) = {S{x),uj) {x G D{S)). 

It follows that 

{rr{u)a\P) = {{i ® uj^Ay^),{uj*f) = (5((. ® u;«,^(V;)),a;) 
= {{l®uj^,p){V-^),uj) = {V-\uj(^uj^^p). 

As such u are dense in L^(G), it follows that fc is completely bounded, with VJf = V^^, as 
claimed. D 

We now show that any ^-homomorphism on LUG) gives rise to a completely bounded homo- 
morphism Tc such that also vr* is completely bounded. We use a result of Kustermans that any 
*-representation has a "generator"- that is, \4- exists and is unitary. The interaction between a 
unitary corepresentation and the antipode (which, in some sense, we generalised in the previous 
proposition) is of course well-known, see [50i Theorem 1.6] for example. 



Proposition 3.4. Let ix : Ll{G) — )■ B{H) be a homomorphism which is similar to a *-homomorphism. 
Then vr and vr* extend by continuity to completely bounded homomorphisms L^{G) — > B{H), and 
TT and vf extend by continuity to completely bounded anti-homomorphisms L^(G) — > B{H). 

Proof. We first show this in the case when vr is a *-honioniorphisni. Then tt{uj'^) = vr((X')* for each 
oj G Ll{G), and so tt* = vr. As vr is a ^-homomorphism, it is necessarily contractive (see [371 
Chapter I, Proposition 5.2] for example) and so extends by continuity to a homomorphism defined 
onallof Li(G). 

To show that vr extends to a completely bounded homomorphism, we use a non-trivial result 
of Kustermans. Suppose for the moment that tt : Ll^G) — > B{H) is non-degenerate. By [211 
Corollary 4.3], there exists a unitary U E L°°(G)®i3(if) (actually, U E M(Co(G) ® -Bo(^)) ^ 
L°°(G)®'B(if)) such that 7r(a;) = (cu ® i)U for each u E LUG). It follows immediately that tt 
does indeed extend to a completely bounded homomorphism from L^{G), and that thus actually 
U = Vj,. As U is unitary, so invertible, the previous propositions shows that tt* is also completely 
bounded. 

If vr is degenerate, then as tt is a ^-homomorphism, we can orthogonally decompose H as 
Hi © H2, where vr restricts to Hi, and tt{uj)C, = for each ^ E H2,u} E Ll{G). Let tti be the 
restriction of vr to i^i; so tti : L^(G) — )■ B{Hi) is a completely bounded homomorphism. It follows 
immediately that the same must be true of vr and of vr*. 

If TT is only similar to a ^-representation, then there exists an invertible T E B{H) such that 
6 : Ll{G) — )■ B{H),u I— 7- T^^'k{(jj)T is a ^-homomorphism. Then 6' extends to a completely bounded 
homomorphism, and hence so also does vr = T9{-)T~^. The same result holds for tt*, as 

7r*(u;) = 7r(w«)* = (T-^)*r (a;)T* (w G ^{(G)). 

Having established that tt and tt* extend to completely bounded maps L^{G) — t- B{H), it follows 
from Proposition 13.21 that also fr and vr extend to completely bounded maps L^(G) — t- i3(i/) which 
are easily seen to be anti-homomorphisms. D 

4 Invertible corepresentations 

In the previous section, we showed that a necessary condition for vr : L^(G) — > B{H) to be similar 
to a ^-representation is that both n and n* are completely bounded. Furthermore, if vr is associated 
to a corepresentation K-, and K- is invertible, then n* is completely bounded. In this section, we 
use the duality theory of locally compact quantum groups to show the converse: if vr and vr* are 
completely bounded, then VJr is invertible (together with an appropriate interpretation of this when 
TT is a degenerate homomorphism). 

4.1 Identification of "function" spaces 

In [7|, an important component of the argument was to use the space L^{G) fl A{G), identified as 
a function space on G. For a quantum group, we would like to be able to talk about the space 
L-'^(G) n L^{G); to make sense of this, we shall embed dense subspaces of L^(G) and L^{G) into 
L^(G), making use of the fact that we always identify L^(G) with L^(G). This section is slightly 
technical- the key result is Proposition 14.31 below, which is used in the following section. 
We first introduce the non-standard, but instructive notation 

L\G)nL\G) = {ueL\G) : 3^eL\G),{x*,u) = {^\A{x)) {xEn^)}. 



This space is denoted by X in [27, Section 1.1] and [281 Notation 8.4]. Then (p is the weight with 
GNS construction (L^(G), i, A) where A(L^(G) nL^(G)) forms a a-strong* core for A, and we have 
that 

(x*,a;) = (A(A(a;))|A(a;)) [x G n^,a; G L^(G) n ^^(G)). 

Then [28l Result 8.6] shows that L^{Qs) n ^^(G) is a left ideal in ^^(G) and 

A(A(a;a;i)) = A(a;)A(A(a;i)) (w G ^^(G), t^i G ^^(G) n /.^(G)). 

This formula is of course immediate from the fact that A is a GNS map, but this reasoning is 
circular(!) if one is following pHl Section 8]. Further, [281 Result 8.6] can easily be adapted (or 
just perform the obvious calculation) to show that L^(G) n L^(G) is a left L°°(G) module, and 

A(A(xa;i)) =a;A(A(a;i)) (x G L°°(G),a;i G ^^(G) n ^^(G)). 

Continuing to follow [281 Section 8], we find that there is a norm continuous, one-parameter 
group (pj)jgM of isometries on L^(G), such that pt is an algebra homomorphism for each t, and with 
(Tt(A(a;)) = A(pt(a;)) for uj G L^(G) (where ((Tt)t is the modular automorphism group associated to 
the dual left Haar weight (p). As observed before [271 Proposition 2.8], each pt maps I/J(G) into 
itself, and pi(w«) = ptiojf for w G ^{(G). Finally, for oj G Li(G)nL2(G), also pliuj) G Li(G)nL2(G) 
and A(A(pi(w))) = V^*A(A(u;)). 

Lemma 4.1. T/ie collection of u E L^(G) fl L^(G) with u G D{pi), Pi{uj) G Lu(G), and pj((X')'' G 

L"'^(G) nL^(G) is dense in L^{G). Furthermore, the resulting collection of vectors A(A(a;)) is dense 
inL^{G). 

Proof. We use a "smearing argument", compare (for example) [221 Proposition 5.21]. Let u G 
L;(G) n {L\G) n L2(G)). Such u are dense in Li(G) by [271 Lemma 2.5]. For n G N and ;z G C 
define 

a;(ra,2;) = —= / exp(— r2^(t + 2;)^)p((a;) (it. 



Then w(n,0) is analytic for p and pz(co'(n, 0)) = ci;(n, 2;). As p is norm continuous, it follows that 
u){n, 0) — )■ w in norm as n —)■ 00. 

For X G D{S), using that Pt(w)'* = Pt(co''*), 



(5(a;)*,a;(n,^)) = ^ / exp(-n^(t + ^)^)(5(a;)*,pt(a;)) rft 



n 



-^ / exp(-n"(t + 2;)")(x,pt(u;tt)) t/t = (x, (a;»)(n,z)). 



Hence u{n,z) G -^rt(G) and Ci;(n, z)** = {uj^){n,z). 



For X G n^, 



{x*,{J){n,z)) = — / exp{-n\t + zf){x*,pt{J)) dt 

= / exp(-n2(t + ^)2)(A(A(p,(a;»)))|A(x)) rft= (e|A(x)), 

V ^ ^R 

where 

e = ^ / exp(-n2(t + z)2)V'*A(A(a;»)) dt. 
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In particular, {u^){n, z) e L^{G) n L'^{G). 

It follows that {u{n,0) : n G N, w G Ll{G) fl L^(G)} is dense in L^{G), analytic for p, satisfies 
that pz{ijj{n,0)) G Lj{G) for all z, and satisfies that pz{u{n,0)Y G L^(G) fl L^(G). Furthermore, 
a similar calculation to that above yields that 



^ ' ' ,2j2\v7jt; 



A(A(a;(n,0))) = ^ / exp(-nV)V**A(A(a;)) dt. 



This converges to A(A(c(;)) in norm, as n — )■ cxd. In particular, as a; varies, the collection of vectors 
A(A(w(n, 0))) is dense in L'^{G). U 

For the following, let T be the Tomita map, which is the closure of A(n(^nn^) — > L^(G), A(x) ^-)• 

A(x*). For further details, see [381 Chapter 1] (where this map is denoted by S", a notation which 
we avoid, as it clashes with the antipode). 

Proposition 4.2. Let X = {w G ^^(G) n L2(G) : A(A(a;)) G D(f *)}. T/ien X zs c?ense m 
L^(^), and A(A(X)) is dense in L^(G). For x G D{S)* and u E X , we have that xu G X , and 
f*A{\{xcu)) = Six*)f*A{\{cu)). 

Proof. Let u G L^{G) fl L^(G) be given by Lemma WTl As X{pt{u)) = at{X{uj)), an analytic 
continuation argument shows that A(a;) G -D((3"i) with o-j(A(a;)) = X{pi{u)). As also pj(c(;) G Lj{G) 
and pi(cj)» G Li(G) n ^^(G), we have that 

A(A(aM«)) = A(A(p,M)*) =tA(A(p,M)) =tA(a,(AM)) 
= f V-^A(A(w)) = f *A(A(u;)). 

As such u are dense in L^(G), it follows that X is dense. As the collection of vectors A(A(a;)) is 
dense in L^(G), it also follows that A(A(X)) is dense. 

Now, D{Sy = D{Ti/2). For x G L°°(G) and t G M, n is implemented as n(x) = V^*xV~**. 
Thus, that x G D{Ti/2) means that V~^/^xV^/^ extends to a bounded operator, namely Ti/2{x). 
Thus also JV-i/23,yi/2j ^ g(^^*y ^g 2^* ^ JV"^/^ = y^/^j^ ^g conclude that f*xf* C 5(x*). 
Thus, for X G S'(x)* and w G X, 

^(x*)f *A(A(u;)) = f*xf*f*A{X{uj)) = f*xA{X{uj)) = f*A{X{xu)), 

as required. Here we used that T* = (T*)^^, see [38l Lemma 1.5, Chapter 1]. D 

Let us make one final definition: 

L;(G) n Lj(G) = {w G L\G) n L\G) : w G ^{(G) and J G ^^(G) H ^^(G)}. 

Then [271 Proposition 2.6] shows that Lj(G) n ^^(G) is dense in ^^(G), and A(A(Lj(G) n ^^(G))) 
is dense in L^( 



Proposition 4.3. Let ui G LUG) fl Lj{G), and let 002 E X be as in the previous proposition. Let 
X G L°°(G), set ^ = A(A(a;i)) and r] = f*A{X{uj2)), and set Cj = cl;^^,^. Then Cj G ^^(G) n L'^{G) 
and A(X{Cj)) = A{X{{xuji)uj2)) . When we take x = 1, as uJi,U2 vary, such Co are dense in L^(G). 
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Proof. Let x G n^. As X{xuJi) G n^ and n<^ is a left ideal, both X{xuJi)*x G n^p and x*\{xuji) G Ui^, 
so that x*X{xui) G n<^ n n^. Thus A(x*A(xwi)) G D{f) and f A(x*A(xwi)) = A(A(xu;i)*x). Thus 

{x*,oj) = {x*x^\7]) = {x*xA{X{ui))\f*A{X{u2))) = {x*A{X{xui))\f*A{X{u2))) 
= {A{XitU2))\fA{x*Xixtui))) = {A{Xiu2))\A{X{xtuiyx)) 
= 0{x*X{xuJi)X{uj2)) = {A{X{{xuJi)uj2))\A{x)) . 

As X G U;^ was arbitrary, this shows that u G L^(G) fl L^(G) with A(A(c2;)) = A(A((xci;i)ci;2)) as 
claimed. As above, the collection of allowed ^ is dense in L^(G), and by Proposition \A.2\ the 
collection of allowed rj is also dense in L^(G). Hence certainly the collection of thus constructed u 
will be dense in L^(G). D 

4.2 Coefficients of representations 

Let TT : L^{G) — )■ B{H) be a completely bounded (anti-)homomorphism with associated co(-anti- 
)representation \4. Given a, (3 E H, a co-efficient of tt is the operator 

rj_^ = (.®u;„,^)KeL°°(G). (1) 

Equivalently, T^^ is determined by the dual pairing 

Note that the latter definition of T^^ makes sense even if vr is bounded, but not necessarily 
completely bounded - a situation we will address in Section [71 

In this subsection and the next one, we study the analytic structure of co-efficients of completely 
bounded representations vr : L^(G) — )■ B{H). We show that if n* is also completely bounded, then 
co-efficients of tt give rise to completely bounded multipliers of L^(G), a tool which will allow us 
to prove the main theorems of this section (Theorems 14.71 and 14. 9p below. 

Proposition 4.4. Suppose that both vr and it* extend to completely bounded maps L^(G) — t- B{H). 
For every a, l3 e H , we have that T^} G D{S) with ^(T^})* = T^^. 

Proof. Let u G Ll{G), so that 



Comparing this with the definition of jl, we might hope that TJ^ G D{S) with S{Tg ^)* = T^*a. 
This is indeed true, but a little care is needed, see Proposition lA.ll in the appendix. AsS'o*oS' = *, 
we also see that T^*^ G D{S) with ^(Tj})* = T^^^, as claimed. D 

Given a co-efficient T^a, arguing as in Section [271] and as in the proof of Theorem 13. 3[ we see 
that 

A(^:,^) = (^ ® ^ ® cua,^)(v;,i3K,23) = J2^i ® ^/.,^)(v;) ® (^ ® ^ajMv.) = Y.^Ip ® ^Ih^ 

i i 

the sum converging cr-weakly. This observation, combined with the previous proposition, shows 
that the hypotheses of the next theorem are not so outlandish; compare with the proof of Theo- 
rem 14.71 below. 
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Theorem 4.5. Let G be a locally compact quantum group, let x G L°°{G), and suppose that 
aA{x) = J2i^i ® ctj ^ L°°(G) ^eh L°°{G). Suppose furthermore that each hi G D{S)*, and 
E, Sib*rSib*) < oo. Then, for ^, r/ G L^{G), 



xXiuj^^r,) = A(^^W„^ 



i 

the sum converging absolutely in L^{G). 

Proof Let Ui,uj2 G L\G) be given by Proposition SSI Let ^ = A{X{uji)),r] = f*A(A(a;2)); 
recall that such choices are both dense in L^(G). Then w^^^ G L-'^(G) fl L^(G) and A(A(a)g,^)) = 

A{X{uiU2)). 

For each i, let ^j = aj(^) and ?7j = S{b*){ri). Then 

i i i 

Similarly, 

Eii^^ii'^||E^(^*)*^(^n||ihii'- 

It follows that '^iCb^i,rii converges absolutely in L^{G). 

By Proposition I4.2[ rji = T* K{X{biUj2)) , and also ^j = aiA(A(a;i)). By Proposition I4.3[ 

A(A(%,,J) = A(A((a,a;i)(6,a;2))). 
Thus, for y G n<^, 

E (A(A(c2;5,,,J)|A(y)) = E (A(A((a,u;i)(6.u;2))) |A(i/)) 

i i 

= ^{y\{a'i^i){h(^2)) = ^{A{y*){ai(g)bi),uJi(S)uj2) 

i i 

= {A{y*x),ui(g)tU2) = {y*,x{uiU2)) = {A{X{x{uitU2)))\A{y)) . 
Thus, 

A{xX{uj^,n)) = xA(A(wiW2)) = A(A(a;(wiW2))) = J2^CK^^.,v.))^ 

i 

which completes the proof, as A injects, and such ^, rj are dense. D 

We remark that we could weaken the hypothesis that crA(x) G L°°{G) ®eh L°°{G) to just 
requiring that A(x) = J2i^i ® ^j; ^^^ s^'^ converging cr-weakly in L°°(G)®L°°(G), and with 
^ia*ai < oo and J2^Sib*)*S{b*) < oo. 

We can interpret this result in terms of left multipliers or centralisers on L^{G). We shall 
follow [H] (see also [22], but be aware of differing language). A left multiplier of L^(G) is a linear 
map L : L^{G) — )■ L^((G) with L{u!iUJ2) = L{ui)u2 for each uji,uj2 G L-^((G). If additionally L 
is completely bounded, then an equivalent condition is that the adjoint L* : L°°(G) — )■ L°°(G) 
satisfies Al* = {L* (g) l)A. 
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Given data as in the above theorem, we may define a a-weakly continuous hnear map L* : 
L°°(G) -^ B{L\G)) by 

L*{x) = J2 S{h*yxai {x E L°"(G)). (2) 

i 

Then clearly the preadjoint L : i3(L^(G))* — t- L^(G) satisfies ^(Lwg,,) = xA(wg^^) for all ^,1] E 
L^{G). Thus L factors through the quotient map i3(L^(G))* — )■ L^(G) and induces a map on 
L^(G), still denoted by L. Hence we can regard L* as a map on L°°(G). We record the following 
for use later. 



Proposition 4.6. With notation as above, L* e CB{L°°{<G)), 



\L*\u<\\j2sib:rsib:) \\J2< 



1/2 I 



1/2 



and (L* ^l){W) = {l®x)W. 

Proof. The norm estimate is a standard calculation from the definition of L* given by ([2]). The last 
assertion follows from [El Proposition 2.4]; indeed, this is just a calculation using the definition 
of A and that xX^u^^r]) = ^{LCj^^r,)- □ 

We remark that it follows from [14] that x G C^(G) (compare with Theorem 14.91 below) and 
that xeD{S). 

4.3 When we get an invertible corepresentation 

We will work in a little generality, and deal with possibly degenerate homomorphisms. Given a 
homomorphism vr : A — )■ B{H) of a Banach algebra A on a Hilbert space H, the essential space of 
71 is He, the closed linear span of {vr(a)^ : a E A, ^ E H}. 

The following shows that if vr and vr* are completely bounded, then V^ is an invertible operator 
(suitably interpreted in the degenerate case), and thus we have a converse to Theorem 13.31 



Theorem 4.7. Let tx : L^(G) — )■ B{H) he a completely hounded representation such that vr* 
extends to a completely hounded representation. Letting Hf. he the essential space of vr, we have 
that V^Kr = KrKf i'S a (not necessarily orthogonal) projection of L'^{G) ® H onto L^(G) ^ Hg. 
Furthermore, hoth V.,^ and V^ have ranges equal to L^(G) ® H^,. Hence V.^ and V^ restrict to 
operators on L^(G) ® H^, and are mutual inverses in B{L'^{G) ® He). 

Proof Fixa,f3 E H. By Proposition [3j, we know that V^ = V^, and thus T*^ = {T^^J*. As in 
the discussion before Theorem 14.51 



aA{Tl^) = aA{Tl^y = Y^iTl^X ® {TlJ* = J2 ^Ip ® ^f, 



aji 



As 71* is completely bounded, by Proposition 14.41 

iTl,r = Tl,^ e D{S) with S{{Tl,r)=S{Tl,^) = {Tj:,r=T;j^, 
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where the last equahty uses Proposition 13.21 Moreover, 

i i i 

i 

and similarly J2ii'^aji)*'^aji = (^ ® uJa)(yT^V*). We can hence apply Theorem 14.51 and Proposi- 
tion 14.61 to conclude that if we define 

L*:L-(G)^S(L2(G)); x h^ J^ T^^TJ,^^ , (3) 

i 

then L* e CB{L^{G)), and (L* ® i)(W^) = (1 ® ^a,/?)^- As # = alVV, this shows that 
(l ® L*)(Vr*)Vr = T*^ 1. That is, 

i i 

So, let Co'i,u;2 G -^""^(G), and consider 

i i i 

= E (vf^T,t,)vf(u;i)«|/0 = E(^/S^(-.K/.'^2) 

However, we know that this is equal to {T^^i^ (g) 1, Wi (g) UJ2). So we conclude that 

{t^ou^^)a,p){V^,V^) = {Tlp,co)l = {n{u)a\f3)l {co G L\G),a,f3e H). 

Letting H^ be the essential space of vf, we conclude that Vt,*V^ = 1 on L^(G) ® H^^ L'^iG) ® H. 
As i^J(G) is dense in L^(G), we see that the essential space for vr* also equals H^. Letting (cj) 
be an orthonormal basis for L^(G), a simple calculation shows that 

K.(e® 7) = E^* ® ^*K-.)(7) e L\G)®H, (e G L2(G),7 G if). 
j 

So K-. has range contained in L^(G) ® ife- It follows that V-^^Vf, is actually a (not necessarily 
orthogonal) projection from L^(G) ® ii onto L^(G) ® -ffg- Furthermore, the range of K-. must 
actually be L'^{G) ® He- 

Now set = vr*, so is also a completely bounded homomorphism L^(G) — )■ B{H). Thus 
the same argument now applied to shows that V^*Vi = Vt,V** = V^V^ is a (not necessarily 
orthogonal) projection from L^(G) ® ii onto L^(G) ® i^e where iig is the essential space of 0, 
which agrees with the essential space for 0* = n. We also conclude that the range of V^* = K- is 
L'^{G)^He. 

Following [271 Section 4], the opposite quantum group to G is G°p, where L°°(G°p) = L°°(G) 
and A°P = a A. That is, we reverse the multiplication in L^(G) to get L^(G°p). Then R°^ = R and 
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r°P = r_i for each t. Thus S°p = R'^r^^^i,^ = RTi/2 = S'^ = * o S o *. For x G ^(^"p) = D{Sy, 
and u;GLJ(G°p), 

{x, J'"P) = {S°P{x)*,u) = {S{x*),u) = {S{x*y, u*). 

It follows that u* G Lj(G), as for each y G D{S), setting x = y* E D{S)* , we see that 

JSW^ = {S{x*),uj) = (x,u;«.°P) = {y, {J'^^T). 

So {u*Y = {u^'°py, and reversing this argument shows that -^J(G) = LJ(G°p)*. 

Thus, if we set = 71" : L^(G°p) — >■ B{H) then is a completely bounded representation, and 
= vr, so that the essential space of cj) is He. For cj G LJ(G°p), we have that u* G L^{G), and 
0*(a;) = 0(a;'''°P)* = 7f(((cu*)'')*)* = 7r((c<;*)'') = n{uj). Hence, as fr is completely bounded, also 0* is 
completely bounded; and so 0* = tt and similarly = tt*. Applying the previous argument to 0, 
we conclude that V^*Vi = V^VJr is a (not necessarily orthogonal) projection onto L^(G) ® ii^e- We 
also see that the range of V^* = 14 is L^(G) ^ He. 

Finally, we also have that V^f^V^ = V^-K-. is a (not necessarily orthogonal) projection onto 
L2(G) (g) i/e- It follows that 

ker [V^V^] = Im{V;v:)^ = lm{V^*V^)^ = {L\G) ® He)^ , 

and analogously, also ker(l4K-) = Im(Vs-V^*)-'- = (L^(G)®i7e)"'". So we conclude that keiiy-^VT,) = 
ker(\414). So K-V^ and 14 K- are projections with the same range and kernel, and hence are 
equal. D 

The above theorem says that if both tt and tt* are completely bounded and non-degenerate, 
then Vt^ is an invertible corepresentation of L°°(G), and, informally. 
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(5®0(v;) = K 

This is well-known in, for example, the theory of algebraic compact quantum groups (compare with 
|41l Proposition 3.1.7(iii)]). It is interesting that our arguments seem to require a lot of structure- 
for example, by using the duality theory for locally compact quantum groups. 

From Proposition 14.61 and the proof of Theorem 14. 7[ we obtain the following corollary, show- 
ing that the co-efficients T^ g considered in Theorem 14.71 naturally induce completely bounded 
multipliers on L^(G). 

Corollary 4.8. Letn : L^(G) -^ B{H) be a completely bounded representation such that it* extends 
to a completely bounded representation. Then for any a,(3 E H, the co-efficient T^^j^ represents a 

completely bounded left multiplier L : L^(G) — ?■ L^(G), determined by 

X{Lu) = T:/X{u) {u;eL\G)). 
Moreover, \\L\\cb < \\'^\\cb\\'^*\\cb\\<^\ 



Proof. The fact that L is a completely bounded left multiplier was already observed in the proof 
of Theorem 14. 7[ Moreover, from Proposition 14.61 and the proof of Theorem 14.71 we deduce that 

iii^iic6 = iii^iic6< ii(^®c^/3)(K*K:oir/'ii(^®wa)(^;^^)ir/'< McbUicbMrn. 

D 
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When G is a locally compact group, the above result is classical and is due to de Canniere and 
Haagerup [151 Theorem 2.2]. (See also [7, Theorem 3] for when G is the dual of a locally compact 
group.) 

Let G be a locally compact group, n : L^{G) — )■ B{H) a bounded representation, and ttq : G — )■ 
B{H) the uniformly bounded representation associated to tt. The correspondence vr -H- ttq given 
in Section [1] implies that each co-efficient operator T^_^ G L°°(G) is actually (a.e.) equal to the 
continuous function y)^^^ G C^{G), s h-)- (7ro(s)«|/3). 

Let Bo{H) be the compact operators on H, so that M{Bq{H)) = B{H). We hence get the 
strict topology on B{H), where a bounded net (Tq) is strictly-null if and only if the nets (Tax) and 
(xTa) are norm-null, for each x G Bq{H). One consequence of the above correspondence is that the 
corepresentation K- ^ L^ {G)®B{H) is actually a member of Cg^j.{G, B{H)), the space of bounded 
continuous maps G -^ B{H), where B{H) is given the strict topology. Indeed, K- corresponds to 
the map G — t- B{H); s i— )• 7ro(s). 

When G is a locally compact quantum group, the natural replacement for C^^j.{G,B{H)) is 
the multiplier algebra M(Go(G) ® Bq{H)). This follows, as M{Cq{G) ® Bq{H)) is isomorphic to 
Cl^^{G,B{H)). Indeed, given F G G,\,(G, S(if)) and / G Go{G,Bo{H)) = Go(G) ®i3o(if)), clearly 
the pointwise products Ff,fF are members of Co{G,Bo{H)), and so F is a multiplier, and a 
partition of unity argument shows that every multiplier arises in this way. 

The following gives a summary of the results of this section. The argument about multiplier 
algebras should be compared with [501 Section 4], which in turn is inspired by [2^ Page 441]. 

Theorem 4.9. Let G be a locally compact quantum group, and let vr : L^(G) — )■ B{H) be a 
non-degenerate, completely bounded representation. Then the following are equivalent: 

1. TT extends to a completely bounded map L^(G) — t- B{H); 

2. Kr is invertible. 

In this case, V'^ = 14, and K e M(Go(G) ® Bo{H)). 

Proof. The equivalences have been established by Theorem 13.31 and Theorem 14.71 Suppose now 
that V'-^ exists. Recall that the coproduct on L°°(G) is implemented by the fundamental unitary 

by A(x) = W*{l(g)x)W for x G L°°(G). Furthermore, W G M(Go(G) ® BoiL\G))). Then 

V;,i3 = (A ® 0(K)Kr:23 = W^r2K,23W^12V;72^3 ^ M(Co(G) ^ Bo{L\G)) ® Bo{H)). 

Thus 14 G M(Go(G) (g) Bq{H)) as claimed. D 

4.4 Application to (co) isometric corepresentations 

A corepresentation U G L°°{G)^B{H) is a coisometric corepresentation if [/ is a coisometry, 
namely ?7^* = 1. As A is a *-homomorphism, we see that U* is a co-anti- representation. 

Proposition 4.10. Let U G L'^{G)®B{H) be a coisometric corepresentation, associated to n : 
L^{G) —7- B{H). Then fc is a completely bounded representation, with 14 = f/*. 

Proof. This follows almost exactly as the proof of Theorem 13.31 Let a, /3 G H, let (/j) be an 
orthonormal basis of H, and set 
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Then as before, we see that 

^A{Xi){l (g) yi) = (i O 6 (g) W„,/3)(f/l3f/23f/23) = (^ ® ^a,l3)iU) 



and similarly 



^{1 O Xi)A{yi) = {l^L0 UJa,l3)iU23U;.;^U;3) = {L(g) Ua,l3)iU*) ® 1. 



Hence {i®uJa,i3){U) G -0(5) with S{{L^ijJa,i3){U)) = {L®uja,i3){U*). As before, it now follows that 
7f is completely bounded with Vf, = U* . D 



The following is now immediate from Theorem 14.71 

Corollary 4.11. Let U G L°°{G)^B{H) be a coisometric corepresentation. Then U is unitary. 

Corollary 4.12. Let U G L°°{G)^B{H) be an isometric corepresentation. Then U is unitary. 

Proof. As in the proof of Theorem 14.71 following [271 Section 4] , the opposite quantum group to 
G is G°P, where L°°(G°p) = L°°{G) and A°p = aA. It follows that corepresentations of G are 
co-anti-representations of G°^, and vice versa. The proof follows from the observation that U* is 
thus a coisometric corepresentation of G"^. D 

An application of this result is to the theory of induced corepresentations in the sense of 
Kustermans, [25j . In this paper, a theory is developed allowing one to "induce" a corepresentation 
from a "smaller" quantum group to a larger one. However, in general the resulting corepresentation 
is only a coisometry, and not unitary (see [25l Notation 5.3]), and under a further "integrability" 
condition, and with an elaborate argument, it is shown that this corepresentation is unitary, [25| 
Proposition 7.5]. Our result shows that a further condition is not necessarily, and the induced 
corepresentation is always unitary. 

5 The similarly problem 

We recall from [31, Definition 3.2] (for example) that G is amenable if there is a state m on L°°{G) 
such that (m, {t®ijj)A{x)) = {m,x){l,uj) for x G L'^{G),uj G L^{G). Using the unitary antipode, 
we see that we could have equivalently used the obvious "left" variant of this definition instead. 
We call m a right invariant state. 

Based on the results of the previous section, we are now a position to state the "similarity 
problem" for locally compact quantum groups: Suppose G has the property that every completely 
bounded homomorphism vr : L^{G) — )■ B{H), with vr* also extending to a completely bounded ho- 
momorphism, is similar to a *-homomorphism. Then is G necessarily amenable? By Theorem 14.91 
this is equivalent to asking if having all invertible corepresentations being similar to unitary corep- 
resentations forces G to be amenable? When G is commutative, this reduces to the standard 
conjecture that a unitarisable locally compact group G is amenable. When G is cocommutative, 
[7] proves this conjecture in the affirmative- there is of course the stronger conjecture that actually, 
no condition on vr* is needed, and we provide more evidence for this in Section |H] below. 

In the following, we shall show how to use an invariant state to "average" an invertible corep- 
resentation to a unitary corepresentation. This is well-known in the compact quantum group case 
(see, for example, [511 Theorem 5.2]). The non-compact case is similar, but we provide the details, 
as we are unaware of a good reference. 



Theorem 5.1. Let G be an amenable locally compact quantum group, and let n : L^(G) — ?■ B{H) 
be a non-degenerate homomorphism. The following are equivalent: 

1. TT is similar to a *- homomorphism; 

2. both 71 and n extend to completely bounded (anti-)homomorphisms L^(G) — t- B{H). 

Proof. That ([T]) implies (E]) is Proposition 13.41 

Now suppose that (|2]) holds, and that vr is non-degenerate, so by Theorem I4.7[ V^ is invertible. 
Let m G L°°{G)* be a right invariant state. Set 

T={m(^i){V:V^)eB{H). 

This means (by definition) that {T,co) = (m, {t ® u)(y*VT,)) for u G B{H)^,. 

As Vj, is invertible, so is the positive operator VJr*Kr, and so, for some e > 0, we have that 
V*V^ > el. It follows that for any uj G B{H)+, 

(T, u) = (m, {l ® u;)(V;*K)) > (m, (. ® a;)(el)) = e{u, 1). 

Hence T > el, and so we may define 

V={1^ Ti/^)K(1 ® T-i/2) ^ L~(G)®i3(/f). 

Then, as A is a unital *-homomorphism, 

(A ® 6)(\/) = (1 ® 1 ® ri/')v;,i3v;,23(i ® i ® t-^/') 

= (1 ® 1 ® ri/2^v;,i3(i ® 1 ® r-^/2)(^ ^ ^ ^ T^/2)y^_23(i ® i » t-^/') = ^13^23. 

So ^ is a corepresentation, say inducing a homomorphism : L^(G) — )■ B{H). For w G L^(G), we 
have that 0(w) = (w ® i)(V^) = T^'^7r(co')r~^'^, and so is similar to vr. 

We next show that V is unitary. For oji G L^(G) and a;2 G B{H)^,, we may define ip G B{H)^, 
by 

(i?, V') = (1^(1 ® ^)Kr, wi ® u;2) (i? e B{H)). 

Then we see that 

{l ® i)){V*V^) = (i ® Wi W2) (Kr*,23K",13Kr,13V;,23) = (i ® ^1 ® W2) ((A ® 0(Kr*Kr)). 

Thus 

(T,^) = (m, {i ® ^)(K*K)) = (m, {i ® a;i ® a;2)((A ® 0(K*K))) 

= {m,{L®uji)A{{L®uj2){V:V^))) 
= {m,{L^uj2){V*V^)){l,uJi) = {l(g)T,uJi0uj2). 

As Ui, U2 were arbitrary, we conclude that V*{1 <S>T)Vt^ = 1 (g) T. Thus 

V*V = (1 ® T-^/2)V;*(l ® Ti/2)(1 ® Ti/^)Kr(l ® T-^^^) = (1 ® T-^/2)(l (g) T)(l O T'^/^) = 1, 

as required. 

Arguing as in Theorem 13.31 it is now easy to see that is a *-homomorphism, because V is 
unitary. D 
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We can also deal with the case of degenerate representations of L^(G). The proof of |7i Propo- 
sition 6] actually shows the following: 

Lemma 5.2. Let A be a *-algebra, and letn : A ^ ^{H) be a homomorphism. Let TTg : A — t- B{He) 
be the subrepresentation given by restricting to the essential space Hf.. Suppose there is a (not 
necessarily orthogonal) projection Q from H to He such that 7r(a)(5 = 7r(a) for all a E A. Then vr 
is similar to * -representation if and only if He is similar to a * -representation. 

Theorem 5.3. Let G be an amenable locally compact quantum group, and let vr : L^(G) — t- B{H) 
be a homomorphism. The following are equivalent: 

1. 7T is similar to a * -representation; 

2. both vr and it extend to completely bounded (anti-) representations L^{Q) — )■ B{H). 

Proof. That ([T]) implies ([2]) is again Proposition 13.41 If ([2]) holds, then Theorem 14.71 shows that 
V^ restricts to an invertible operator on L^(G) ® He] that is, Kr^ is invertible. So Theorem 15.11 
shows that VTe is similar to a ^-representation. By Lemma 15.21 it suffices to construct a projection 
Q : H -^ He with 7r(w)Q = tt{uj) for to E L^{G). 

By Theorem 14.71 P = Kr^ is a projection of L^(G) ® H onto L^(G) He. The proof actually 
shows that ker P = kerV;V^^ = {L\G)^He)^ = L\G)(g)H^. Thus L\G)(g)HenL^{G)^H^ = {0}, 
and so He n H^ = {0}. Similarly, L^^G) ®He + L\G) ® H^ = L'^{G) ® H, and so He + H^ = H. 
It follows that there is a projection Q oi H onto He with ker Q = H^. 

Now, a G H^ if and only if 

= {a\n{uj)/3) = {a\7r{u*yp) = {7T{uj*)a\/3) {u e L\G), f3 G H). 

It follows that for u G L^(G), a G ker Q, we have that TT{uj)a = = TT{u})Qa. Clearly tt{uj)Q = tt{u)) 
on He, and thus it follows that 7!'{u!)Q = vr(a;) on H, as required. D 

6 Special cases 

In this section, we take an approach which is closer in spirit to [7]. A cost is that we shall have to 
assume that G is coamenable. Recall that G is coamenable if L^(G) has a bounded approximate 
identity. This is equivalent to a large number of other conditions, see [U Theorem 3.1]. In 
particular, the proof of this reference shows that L^(G) has a contractive approximate identity 
in this case. It is conjectured that the coamenability of G is equivalent to G being amenable, 
but except when G is discrete (see [12]) it is only known that G coamenable implies that G is 
amenable. A benefit to the approach of this section is that in special cases (as for G being a SIN 
group in [7]) we can show that if vr : L^(G) — )■ B{H) is completely bounded, then vr is similar to a 
^-homomorphism, without assumption about vf. 

Theorem 6.1. Let G be a locally compact quantum group such that G is coamenable. Let vr : 
L^{G) — )■ B{H) be a completely bounded homomorphism, such that tt extends a completely bounded 
map L^(G) -^ B{H). Then tx is similar to a * -homomorphism. 

Proof. Let a, /3 G i7 and ^,r/ G ^^(G). From Corollary SSI T|„A(w5,^) G \{L'^{G)). Moreover, an 
application of Theorem 14.51 to T^^, shows that 

i 
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where, if (/j) is an orthonormal basis for if, 

a, = Tlf^. S{l>l) = S{{Tl^r)=Tlf^. 
In particular, 

i i i 

i i 

< ll^llll^llll«llll/9|lll^*lll|V^dl = Il^llll^llll«llll/3|llklle6||vr||c6. 

Let {ujk) be a contractive approximate identity for L^(G). It follows that for each k, there 
exists u[ G L^(G) with 

{T:^^rX{uk)=Tl^X{^,) = Xiu',) with ||c2;^|| < ||«|| ||/3|| ||7r||,,||7f ||,,. 
As X{L^{G)) is a- weakly dense in L°°{G), it follows that for u G L^{G), 



{Tl^^uj) = {{Tl^r,u;*) = lim{{Tl^rX{u;,),u*) = l\m{X{u',) , u*) = lim(AM*,a;^). 

fe k k 

The final equality follows by a simple calculation, see p^ Lemma 8.10]. Thus 

|(7rM«|/3)| = |(r-^,a;)| < ||a||||/3||||7r||,,||7r||,,||AM||. 
As A(L^(G)) is dense in Co(G), by continuity, there is a homomorphism : Cq{G) — )■ -6(7/) with 

< ||7r||cb||7r||c6, 0O A = TT. 



As G is coamenable, it follows that G is amenable (see [H Theorem 3.2]) and that hence 
Co(G) is a nuclear C*-algebra (see [H Theorem 3.3]). The similarly problem has an affirmative 
answer for nuclear C*-algebras (see [9l Theorem 4.1]) so (j) is similar to a *-homomorphism. As 
A is a *-homomorphism on Lu(G), it follows that vr (restricted to Lj(G)) is also similar to a 
*-homomorphism . 

The above reference to j9] needed that (f) (that is, vr) is non-degenerate. But as Co(G) has a 
bounded approximate identity, we can simply follow [7, Proposition 6] to deal with the case when 
■K is degenerate. D 

The above proof is interesting because in special cases, it allows us remove the hypothesis that tt 
is completely bounded (or even bounded on all of L^(G)). This idea was used for SIN groups in [7], 
the key point being that if G is SIN, then the Plancheral weight on VN{G) can be approximated 
by tracial states in A{G). It seems unlikely that many genuinely "quantum" groups will have this 
property, and so we shall restrict attention to the compact case, where we have many non-trivial 
examples. 

Recall that a locally compact quantum group G is compact if Co(G) is unital. Here, the 
existence of Haar weights follows from simple axioms, see [19]. We shall be interested in the case 
when the Haar state is tracial- by [l9l Theorem 2.5] this is equivalent to G being a compact Kac 
algebra. See [H HTl HH] for some genuinely "quantum" examples of compact Kac algebras. 
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Theorem 6.2. Let G be a compact Kac algebra, and let it : L^{G) — )■ B{H) be completely bounded 
homomorphism. Then tt is similar to a *-homomorphism. 

Proof. As the dual G is discrete, L^{t) is unital. Indeed, if A : L°°(G) -^ L'^iG) is the GNS 
map, then it is not hard to show that the state a;A(i) is the unit of L^(G). Following the proof of 
Theorem 16.11 we wish to show that T|"Q,A(a;A(i)) = A(ci)) for some Cj whose norm is controlled. As 
S = Rin this case, we really have to show that 

E ||^((^/U1^(i)|f = Y.^[R{iTio)*r R{iTi.r)) = E^((^D*^L) < ^- 

i i i 

where ip is the (normal, tracial) Haar state on L°°(G), which satisfies ip o R = cp. However, as (p is 
a trace, this sum is 



T.^{tL(tij*) = Y,p[iTi,XT:j.) = Ai^^u;^)i^^^^^^ < 



i^Wcbim 



Then we can just continue as in the proof of Theorem 16.11 D 

The above proof could be adapted to a general Kac algebra provided that we can find a 
bounded approximate identity (cD^^, ,,j.) for L^(G) such that, for each k, we have that a;^^, is tracial 
(by scaling r]k and ^k, we can suppose that \\r]k\\ = 1 for each k, but we also need at least that 
supfc ll^fcll < oo). In particular, we can only apply this to G if G is a SIN group, by using the proof 
of lini Proposition 3.2] (and so we have reproved ^ Theorem 20]). However, this argument will 
not extend to other classes of groups. 

For a general compact quantum group, we can consider the Hopf *-algebra A C Go(G) formed 
from the matrix coefficients of irreducible representations. On this algebra, we have reasonably 
explicit formulae for the antipode S and the Haar weight p (see [HI Section 3.2] for example). A 
little calculation shows that if, in reasonable generality, we have something like 

Y,Hsib:rs{b*)) = Y,vib^b*), 

i i 

then already </? is a trace. So to extend the above result to general compact quantum groups (if it 
is true at all!) probably needs a new idea. 

7 The importance of complete boundedness 

Up to this point, we have restricted our attention to completely bounded representations tt : 
L^(G) — )• B{H), and derived some interesting structure results for such representations. A natural 
question which arises is: what can be said about bounded representations vr which are not com- 
pletely bounded, if such representations even exist? In [5] Choi and the 3rd named author answered 
the existence part of this question by constructing a bounded, but not completely bounded, repre- 
sentation 71 : A{G) — )■ B{H), for any group G which contains F2 as a closed subgroup. In particular, 
for G = F2, every completely bounded representation of A{G) is similar to a ^-representation ([TJ 
Theorem 20], see also Theorem 16.21 above) but there are bounded representations of A{G) not 
similar to ^-representations. 

In this section, we will consider free products of compact quantum groups, and Khintchine in- 
equalities for reduced free products, to construct examples of non-commutative/non-cocommutative 
compact quantum groups G such that L^(G) admits bounded representations tt : L^(G) — > B{H) 
which are not similar to *-representations. To be precise, we will show the following. 
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Theorem 7.1. Let G be a non-trivial compact quantum group, and let G = *jgNGj be the compact 
quantum group free product of countably many copies of G (or let G = T * G). Then there exists 
a bounded representation tt : L^{G) — )■ B{H) which is not completely bounded. In particular, vr is 
not similar to a * -representation. 

For completely bounded representations vr : L^(G) — )■ B{H) (with vr* also completely bounded), 
a key result in the preceding sections was Corollary 14.81 which showed that each co-efficient operator 
T'^^p G L°°{G) (a, (3 E H) induces a completely bounded multiplier of the dual convolution algebra 

L^(G). The following corollary shows that for non-completely bounded representations, there is 
no hope of generalising Corollary 14.81 

Corollary 7.2. Let G and vr : L^(G) — > B{H) be as in the statement and proof of Theorem \7.1\ 
Then there exist vectors a,/3 E H with the property that the map A((u)) H- T^aX{u) {u G L'^{G)) 
does not induce a bounded left multiplier of L^{G). 

Proof of Corollary \7.S\ We use an argument similar to the proof of [151 Theorem 2.3]. Suppose, 

to get a contradiction, that each co-efficient T^ a induces a multiplier of L^(G), as in Corollary 14. 8[ 

Then for each a,(3 E H, as L^(G) is unital, there exists a unique o)^^^ G L^{G) such that T^^^ = 

A((u)^^^). Define a sesquilinear map Q : H x H ^ L^(G) by setting Q{a,/3) = (^a,i3- We claim 
that Q is separately continuous. To see this, fix (3 E H and suppose lim„_>oo ||« — «n|| = and 

lim„_^oo Q{cin, f3) = OJ E L^{G). Then for any u G L^{G), 

{\{u),u) = \im{X{Q{an,/3)),u) = lim(TJ «,a;)= lim (vr(w)a„|/3) 
= mco)a\(3) = {Tlp,u) = {\{Q{a,(3)),co). 

Therefore A(a)) = \{Q{a, (3)), giving u = Q{a,(3), and the closed graph theorem implies that Q 
is continuous in the first variable. The same argument applies to the second variable, proving the 
claim. 

Since any separately continuous sesquilinear map is bounded (see for example [351 Theorem 
2.17]), there is a constant D > such that \\u}* g\\ ^ =^ < L)||a||||/3|| for all a,f3 E H. As a 

consequence, we have 

< ll<,lll|A(u;TII < /^||a||||/3||||A(a;*)|| (c G ^^(G)), 

showing that vr extends to the bounded anti- representation a : Co(G) — t- B{H) determined by 

a o A = vf . Since G is compact, Co(G) is nuclear, and it follows that a is automatically completely 
bounded. But then ||vr||cfe = ||7r||c6 = ||c" o A||cb < ||o"||cb < cxd, contradicting the fact that vr is not 
completely bounded. D 

7.1 Reduced free products 

Before proceeding with the proof of Theorem 17.11 let us recall the construction of the reduced free 
product of a collection of C*-algebras equipped with distinguished states. For further details see 
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[T], [IE] or the introduction to [33] • Let / be an index set, and for each i E I let Ai be a C*-algebra 
(assumed unital), and let ipi be a state on Ai with faithful GNS construction {Tri,Hi,^i). Let Dj 
be the collection of all "words" in /, that is, tuples (^l, ■ ■ ■ , in) with ij ^ ij^i for each j; we allow 
the empty word 0. Set H^ = ^:^ C Hi, and let H be the Hilbert space direct sum of iJ° ■ ■ -^H^^ 
as (ij) varies through Z)/; we interpret the space for G -D/ as being a copy of C. Thus H is some 
sort of generalised Fock space construction. Let Vt (^ H he the vector 1 G C. 
For each i G / there is an obvious isomorphism 

= H,®[Q{Hl®---®Hl: {i,) G Dj, i, ^ i]) . 

Let Ui be the unitary implementing this isomorphism, and define ifi : Ai ^ ^{H)', a i— )■ Ui{7ii{a) ® 
l)f/j, a faithful ^-representation of Ai on if. A description of Ui is given in [Ij, but let us just note 
that if ai G Ai with ipi{ai) = 0, then 7ti{ai)Q = ai^i G H^. 

Let ^ be the algebraic free product of the (Ai), amalgamated over units. Then vr = *i^iT^i is 
a faithful ^-representation of A on B{H). By definition, the reduced free product *jgA^i is the 
closure of n^A). The vector state induced by Q is the free product of the states, denoted *i^i(pi. 
Notice that (vr, H, Q) is the GNS construction for *i^i(pi. Denote by A the full free product, which 
is the completion of A under the norm given by considering all *-representations of Ai on a common 
Hilbert space. 

If each Ai were a von Neumann algebra, with normal states (fi, then the (reduced) von Neumann 
algebraic free product is simply the weak operator closure of *i(ziAi in B{H). 

In [48] Wang studied free products of compact quantum groups (see also ^41J, Section 6.3]). If 
for each i we have a compact quantum group Gj, then we form G = *i^iGi as follows. Let Co(G) be 
the reduced free product of (Co(Gj), (pi), where ipi is the Haar state. For each i let ^ : Co(Gj) — t- A 
he the inclusion, and let Aj be the coproduct on Co(Gj). Set pi = (ij (g) Li)Ai : Co(Gj) —> A ® A. 
By the universal property of A, there is a *-homomorphism A : A ^ A ^ A such that Atj = pi 
for each i It is easy to see that A is coassociative, and by using the corepresentation theory of 
compact quantum groups, one can verify the density conditions to show that {A, A) is a compact 
quantum group. 

Then [48l Theorem 3.8] shows that the Haar state on {A, A) is just the free product of the 
Haar states on each Co(Gj). It follows that the reduced version of A is just Co(G), and thus A 
drops to a coproduct on Co(G). 

We require the following non- commutative Khintchine inequality describing the operator space 
structure of the linear span of a family of centred freely independent operators. See [21], Proposi- 
tion 7.4] or the introduction to [33]. In fact, we shall only use the k = 1 case, which is attributed 
to Voiculescu 



Theorem 7.3. Let I be an index set, and for each i E I , let Ai be a von Neumann algebra with 
faithful normal state ipi. Let {A, ip) = {*i^jAi, *i^i(pi) be their von Neumann algebraic free product. 
Then for any Xi G Ai with (pi{xi) = 0, and any finitely supported family {ajjjg/ G Mfe(C) (k G N), 



24 



we have 



max ■{ max Oj 



Mfc{C)(g)A 



1/2 
Mfe(C)' 






1/2 

Mk{C) 



< 3 max I max \\ai ® Xi\\Mk{c)(x,A, y^a>iV?i(x*Xj) 



1/2 
Mfc{C)' 






1/2 >. 

A4(C)/' 



Now let G be a non-trivial compact quantum group, set Gj = G for each i G N, and let 
G = *igNGi be the free product. (We will show how to modify the following arguments to address 
the case of G = T * G in Remark 17.71 ) Fix once and for all a non-trivial irreducible unitary 
representation U G L~(G) ®Mrf(C) and for each i e N, let U' G L°°(G) ®Md(C) be the irreducible 
unitary representation of G induced by the inclusion L°^(Gi) M- L°°(G). Note that the U"s are 
pairwise inequivalent representations. Finally, let L°° = {{l®p)U^ : p G Md(C)*} be the co-efficient 
space of f/* and let X be the weak*-closed linear span of all the Lf^^s. 



Lemma 7.4. There is a constant C > such that 



I'rOII ~ < ll-rll ~ < r^ll-rOII ~ 

I-^"IIl2(g) — II-^IIl°°(g) — '-'II-^"IIl2(g) 



(x G X). 



Proof. The lower bound is immediate. To get the upper bound, fix x G X and write x as an 
L^-convergent series x = X^jgn^* ^ -^ where each Xi is a member of Lf. As U is non-trivial, the 
Haar state annihilates all coefficients of U, and so we can apply the k = 1 version of Theorem 17.31 
to see that 



{ 






^ipi{x*Xi)j , 



3max|max||xi||Loo,||a;fi||^2(g), (^^\\x*i. 

jgN 



^!fi{XiX* 

_l/2 

i\\L2(G,) ' 



1/2 



Since the spaces L°° are all finite dimensional and isometrically isomorphic, there exist constants 
Ci,C2 > such that 



WXiWlf < Ci\\Xi^i\\L2(G,) and \\x*^i\\L2(G,) < C2\\Xi^i\\L2(^G,) (i G N). 

The lemma now follows by taking C = 3max{Ci, C2}. 

Lemma 7.5. The pre-annihilator -^X is a closed two-sided ideal in L^(G). 



D 



Proof. By linearity, it is enough to show that if a; G ^X and x = {l ® p)W for some z G N and 
p G Mrf(C)*, then {x,uu') = = {x,u'u) for u' G ^^(G). However, 

{x,uu') = (A(x),w(g)w') = (f/i^3f/*3,u;(g)w'(8)p) = {U\u^ {u' ® l){U')p) = 0, 

as p' = {tu' 0(^*)P e Md(C)* and (i ® p')iU') G X. Similarly, (x, w'w) = 0. D 

Consider now the space £^(N, M^), which is a Banach algebra under pointwise operations. 
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Proposition 7.6. The map 

is well-defined, hounded, and is an algebra homomorphism. Furthermore, drops to give a iso- 
morphism between L^{G)/-^X and i'^{'N,Md). 

Proof. The dual space of fiN,Md) is f{N,M*). Let p = (pi) E f{N,M*), and let Xi = {l ® 
Pi){U'') G L°°. For ra G N, let a; = X^iLi ^« ^ -^- Observe that xQ = Yl^=i^i^ = J2^=i^i^i ^^ 
fi{xi) = for each i. As the Xi^i are pairwise orthogonal in the Fock space H, it follows that 

n n n 

i=l i=l i=l 

Letting C be the constant from Lemma 17.41 we see that 

n n 

y^{pi,{uj®L){U'')) =y^{xi,uj) =\{x,uj)\ 

i=l i=l 

< ||w||||x|| < C||w||||xfi|| < C||w||||p||. 

As n and p were arbitrary, it follows that is well-defined, and ||0|| < C . 

For each i, as f/* is a corepresentation, the map L}{G) — )■ Md{'C)\uj i— ;■ (w ® i^){U^) is a 
homomorphism. It follows that is also a homomorphism. Notice that 0(a;) = if and only if 
{u ® i){U'^) = for each i, if and only if cj G '^L°° for each i, if and only if a; G """X. So drops to 
give an injective map L^(G)/-^X -;■ £^(N, Md). 

Notice that 0* : i^iN, M^) -^ i^X)^ = X is the map (pi) ^^ Ei(^®Pi)(f^O- As U is irreducible, 
the map M^ -)■ L°°(G),p i-)- (i ® p)(f/) is injective, and so also the map M^ -)■ L^(G),p h^ 
A((t ® p){U)) is injective. Thus there is a constant C" such that \\p\\ < C'\\{l ® p)iU)^i\\ for all 
p G M*,z G N. Then, for (p^) G £2(N,m;), 

<c"\Y.{i®Pi)m\\ =c"\\ct>\{p^))f- 

i 

Thus 0* is bounded below, which implies that is a surjection, and so the proof is complete. D 

7.2 Proof of the main theorem 

The final part of the construction is to find a bounded-below homomorphism 6 : £^(N, Md) — )■ B{H) 
for a suitable Hilbert space H. Given ^,r] E H, denote by ^^^^ the rank-one operator H ^ H;'j ^^ 
{■y\ri)^. Recall from [H Section 3.1] that if we denote by (5,) the canonical orthonormal basis of 
£2(No) or £2(N), and define Oq : f{N) -^ B{i\No)) by ^ol^i) = 0s,,5,+5o, then ^o extends by linearity 
and continuity to a bounded below algebra homomorphism. 

Set H = C'^(g)f{No), and regard f{N, Md) as Md(S)fiN). Now define 6 = (i^^o) : ^^(N, Md) -^ 
Md ® B{£'^{No)) = B{H), an algebra homomorphism. As Md is finite-dimensional, clearly 6 is 
bounded, and bounded below. We can now prove the main result of this section. 
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Proof of Theorem \7.L Form X as above, and the algebra isomorphism : L?-{G)/-^X — )■ £^(N, M^). 
Let q : L^{Gi) — )■ L^(G)/-'"X be the quotient map. Let vr = ^ o o g, so that tt is a bounded repre- 
sentation of L^' 



Towards a contradiction, suppose that vr is completely bounded, and hence associated to a 
corepresentation K e L°°(G)®-B(if). Set 

U = ^U'® es„5, e L°°(G)®Mrf®S(f (No)) = L^iG)-^B{H), 

where the sum converges cr-weakly (think of U as being a block diagonal matrix, with diagonal 
entries W, which are all unitary). For u G L^(G), ^ & C^ and fc G Nq, we have that 

7r(u;)(e 8) 4) = Sk,o{uJ ® 0(^0 (0 ® ^^ + ^k,i{^ ® '^){U^){0 ® ^k- 
Consequently, 

{u ® 0(K - f/)(^ ® 4) = vr(u;)(^ ® 6k) - (w ® O(f^^)(0 ® '^fc = '^fc.olw ® 0(^0(0 ® '^*- 

If we now set 

Xi = {L0 oos^aW^ -U)e L~(G)®Mrf, 

then Ylii^t^i converges a-weakly to {l ® a;5Q^5o)((Kr — f^)*(K- — U)). However, for u G L^iG) and 
i G C^, also 

5^(u; ® 0(^.)(O ® '5. = Y^^uj ® 0(V; - f/)(e ® ^o) = $^(c^ ® O(f^')(0 ® ^^■ 

i i i 

It follows that Xi = W for all i, and hence each Xi is unitary, which contradicts Y2i ^*i^i converging. 
We conclude that vr is not completely bounded, and hence cannot be similar to a ^-representation. 

D 

Let us make a remark about vr*. As each f/* is a unitary corepresentation, we have that 
[u^ ® l){U') = (w ® l){U')* for each uj G Lj(G). Thus if we give f{n,Md) the pointwise * 
operation, it follows that o g : L^(G) — )■ £^(N, M^^) is a *-homomorphism. Thus 

7r*(u;) = TT{Jy = e{<P{q{co)ry {u G L;(G)). 

It follows that vr* extends to a bounded homomorphism on L^(G). It is easy to compute explicitly 
what 6 (a*)* is, for each a G £^(N, M^), and then adapting the argument in the previous proof will 
show that vr* is also not completely bounded. 

Remark 7.7. We now briefly address the case where G = T * G in Theorem 17.11 Let z denote 
the canonical Haar unitary generator of L°°(T), and let U G L°°{G) ® Md{C) be our fixed non- 
trivial irreducible unitary representation of G. For each z G N, consider the tensor product unitary 
representation of G given by l^* = z* Kl f/ Kl z^^ G L°°(G) ® Md{C) (where z* is viewed as a 
one-dimensional representation of T). It follows from |38] that the representations {\^*}igN are 
pairwise inequivalent and irreducible. Our claim is that the above proof for G = *ieNGj goes 
through unchanged with the family {f/*}jgN replaced by {\^*}igN- 

To see this, observe that the only facts that we used about G and {t/*}igN are: (1) each 
representation U'' is d-dimensional, (2) the elements of the co-efficient spaces L°° associated to 
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[/* are centred with respect to the Haar state, and (3) the von Neumann algebras Ai generated 
by L°° are pairwise freely independent in {L°°{G),(f). For the family {V*}jgi^, conditions (1) 
and (2) are automatically satisfied. To see that condition (3) is also satisfied, note that if ^o ^ 
L°°{G) M- L°°{G) denotes the von Neumann algebra generated by the co-efficient space of U, then 
Ai = z^Aqz'^ for each i eN. Using this fact, condition (3) is easily seen to be a simple consequence 
of the definition of free independence (see [301 Definition 5.3], for example) and the fact that z is 
*-free from ^q- 

8 For the Fourier algebra 

In this section, we collect some further special cases for the Fourier algebra. These add further 
weight to the conjecture that every completely bounded representation vr : A{G) — )■ B{H) is similar 
to a ^-representation. The main results of this section are as follows. 

Theorem 8.1. Let G be an amenable locally compact group, and let vr : A{G) — ?■ B{H) be a 
completely contractive representation. Then tt is a * -representation. 

Theorem 8.2. Let G be an amenable locally compact group which contains an open SIN subgroup 
K ^ G. Then every completely bounded representation it : A{G) -^ B{H) is similar to a *- 
representation. 

The proofs of the above results rely on the fact that when G is an amenable locally compact 
group, A{G) is always a 1-operator amenable completely contractive Banach algebra, see [33]. 



Definition 8.3. Let A be completely contractive Banach algebra, and denote by m : A® A — )■ A 
the multiplication map. A net {da} in A® A is called a bounded approximate diagonalioi A if {d^} 
is bounded and for every a E A, 

a ■ da — da ■ a ^ and am{da) -^ 0, 

where A(^A has the usual A-bimodule structure, 

a ■ {b ® c) = ab ^ c, {b® c) ■ a = b® ca {a^b^c E A). 

An element M G {A® A)** is called a virtual diagonal provided that 

a-M = M-a, am**{M) = a (aeA). 

Ruan proved in [M] that the a has a bounded approximate diagonal in A® A if and only if it has 
a virtual diagonal in {A® A)** (and, in turn, these are equivalent to A being operator amenable) . 
Now let L > 0. A is called L-operator amenable if it has a virtual diagonal M G {A® A)** such 
that ||M|| < L. The operator amenability constant of A is A^ := inf{L : A is L-operator amenable}. 
By Alaoglu's theorem, the operator amenability constant is attained, that is, A has a A^-virtual 
diagonal in [A® A)**. Since any virtual diagonal has norm at least 1, the operator amenability 
constant is at least 1. 

Proof of Theorem \8.1[ Since G is amenable, A{G) has a contractive approximate identity. Hence 
it follows from [Tj, Remark 7] (see also Lemma 15.21) that vr is a *-representation if and only if vTe is 
a ^-representation, where vTe = 7r|j:f^ is the essential part of vr. So, without loss of generahty, we 
can assume that n is non-degenerate. 
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Put A = tt{A{G)). Since A{G) is 1-operator amenable and vr is a complete contraction, it 
follows that A is also 1-operator amenable. It follows from [5l Theorem 7.4.18(ii)] that A is a 
(commutative) C*-algebra. (Note that the proof of [5, Theorem 7.4.18(ii)] is for unital operator 
algebras but it can be easily modified to apply to our case as well). We now follow the proof of [TJ 
Corollary 9]. Indeed, the adjoint operation on a commutative C*-algebra (in particular, on A) is 
a complete isometry. Recall that vr* is defined by 

Ti*{u) = 7i{uy {u e A{G)). 

Now, the map m i— )■ m is an anti-linear complete isometry, and thus ||vr*||c6 = ||7r||cb. Hence by [71 
Theorem 8], there is an invertible operator T G B{H) and a *-homomorphism a : Co{G) — )■ B{H) 
such that 

7i{u) = T-^a{u)T {u E A{G)). 

Moreover, T can be chosen so that 

1 ^ II T" II II T"^! II ^ ll,^l|2 ll,_*l|2 ^ -I 

1 < \\T\\\\T II < ||7r||^J|7r ||^f, < 1. 

So ||T||||T~-'^|| = 1, and so, by replacing T with T/||T||, we can assume that ||T|| = ||T^^|| = 1 
which means that T is unitary. Hence 

7r(-) = T-^a{-)T = T*a{-)T 

is a *-homomorphism, as claimed. □ 

We now turn to the proof of Theorem 18.21 For a locally compact group G and an open 
subgroup K of G, let G = [J^^jxK denote the decomposition of G to distinct left cosets of K (i.e. 
xK n yK = if X 7^ y). For every element u G A{G) and x E I, write 

Ux = UXxK, 

where XxK is the characteristic function of the coset xK. Since K is open, each XxK is a norm-one 
idempotent in the Fourier-Stieltjes algebra B{G) = G*{G)* [19, Proposition 2.31]. Since A{G) is 
a closed ideal in B{G), we conclude that Ux G A{G). We let 

A{xK) = A{G)xxK. 

Since K is open, the canonical embedding of the Fourier algebra A{K) into A{G) (that is, extending 
functions by zero outside of K) is completely isometric, allowing us to identify A{K) with its image 
A{eK) unambiguously. In what follows, we shall consider the translation operators L^ : A{K) -^ 
A{xK) defined by 

{Lxu){y) = u{x-'y), {ueA{K)). 

Since left translation on A{G) is completely isometric, Lx : A{K) — )■ A{xK) is always a completely 
isometric algebra isomorphism. Finally, for any homomorphism vr : A{G) — )■ B{H), let tTx {x G /) 
denote the restriction of vr to the ideal A{xK). 

Proof of Theorem \8.^ - Since G is amenable, A[G) has a contractive approximate identity, and we 
may again assume that vr is non-degenerate. 
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As above, we have that G = [j^^jxK. For every x E I, the mapping iix o L^ : A{K) — )■ B{H) 
defines a completely bounded homomorphism of A{K) on H, and so by [7, Theorem 20], tt^ o L^ 
extends continuously to a bounded representation a^ : Co{K) — )■ B{H) with 

|2 



1^x11 < iFlicb- 



Let {fa}aeA C ^(-ft') be a contractive approximate identity for Co{K). For every m G A(G), we 
have 

limcr^(/a)7r(M) = limaa;(/a(L^-m^)) = a^{L^-iu^) = 'k{u^ 



''X ) 



This, together with the fact that tt is non-degenerate, implies that Ex., the limit of the net {<7x{fa)} 
in the strong operator topology of B{H), exists. Moreover, for every x E I, E^ is an idempotent 
and for every x ^ y, 

ExEy = 0. (4) 



Now let A = 7r{A{G)) C B{H) . Since A is the closure of the range of a completely bounded 
homomorphism of the operator amenable Banach algebra A{G), it is itself operator amenable. 
Hence, by combining [Sj Proposition 7.4.12(ii)] and [201 Corollary 4.8], it follows that 

A" = T°-\ 

where A ' ' refers to the closure of A in the strong operator topology of B{H). In particular. A" 
is commutative and for every x G /, 

Ex G A". 

Therefore, again by combining [5, Proposition 7.4.12(ii)] and [20] Lemma 4.4], there is an invertible 
operator T G B{H) such that T~^ExT is an orthogonal projection for all x G /. Let 

Px = T-^ExT and p,(-) = T-V,(-)T (x G /). 

For every x,y E I with x ^ y, it follows from (jl]) that PxPy = 0. This implies that, for every 
u,veCo{K), 

px{u)*py{v) = px{uyP*PyPy{v) = 0, (5) 

and 

Pxiu)py{vy = Px{u)PxPyPy{vy = 0. (6) 

Now let u G A{G). For every x,y E I with x ^ y, it follows from ([5]) that 

(r7r(M^.)^"^)*(r7r(uy)r"^) = pxilx-iUxY Py{Ly~iUy) =0. 

Similarly ([6]) implies that 

{T7riux)T-'){Tniuy)T-Y = 0. 

Hence {{T^^n{ux)T)*{T^^7i{ux)T)}x£i is a family of pairwise orthogonal positive operators on H, 
and therefore 

\\Tn{u)T-'f = \\{Tn{u)T-'nTn{u)T-')\\ = \\Y,iTn{ux)T~'nTn{ux)T-'] 

xei 

= snp\\iT7riux)T~'nTniux)T-')\\ < UTiniT-i^g^p ||^(^^.)||2 
x&i xe/ 

— 11-' 11 Ik II IFIIc6ll"lloo- 

Thus Tn{-)T^^ extends continuously to a bounded homomorphism of Co{G) into B{H), and hence, 
so does TT. The result now follows. D 
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One class of amenable locally compact groups having open SIN subgroups are the amenable, 
totally disconnected groups. In particular, if we assume further that they are non-compact, then 
they give us examples of non-SIN groups satisfying the assumption of Theorem I8.2[ These groups, 
for instance, include Fell groups (see |36i Section 2] for more details). 

A Duality for closed operators 

In this appendix, we will prove the following result. 

Proposition A.l. Let G be a locally compact quantum group, and let x,y E L°^(G) be such that 
{x,u^) = {y,uj) for all u G Lj(G). Then x e D{S) with S{x)* = y. 

Firstly, note that as 5* = RT_i/2, we have that u G -^J(G) if and only if there is to' G L^{G) 
with 

{x,u') = (r_i/2(x),u;*) (x G D{T^i/2)). 



Indeed, if this holds, then for x G D{S), we have that {x,ui' o R) = {T_i/2{R{x)),ui*) = {S{x)*,ui), 
so oj^ = u' o R. The converse follows similarly. 

Set D = Lj(G)* = {u* : u e Lj(G)} and for w G D let u' = {u*)K It follows that the 
proposition above is equivalent to the following. 

Proposition A. 2. Let G be a locally compact quantum group, and let x,y E L°^(G) be such that 
{x,u') = {y,uj) for all u E D. Then x G D(r_j/2) with y = T_i/2{x). 

Perhaps the "standard" proof of the proposition would be to "smear" x and y by the one- 
parameter group (Tt); compare [261 Proposition 4.22] or the proof of [28, Proposition 5.26], for 
example. Instead, we wish to indicate how to prove the result by using closed operators. 

Given a topological vector space E and a subspace D{T) O E, a linear map T : D{T) -^ E is 
closed and densely defined if D(T) is dense in E, and the graph Q(T) = {(x,T(x)) : x G D(T)} is 
closed in E X E. Define also Q'{T) = {{T{x),x) : x G E}, which is closed if and only if G{T) is. 
Let ii^ be a Banach space- we shall consider the case when E has the norm topology, and when 
E* has the weak*-topology. 

Let T : D{T) ^ E he a linear map. Set D{T*) = {^ E E* : 3X e E\ (A,x) = (/i,T(x)) {x G 
D{T))}, and with a slight abuse of notation, set Q{T*) to be the collection of such (yU, A). Notice 
that: 

• g'{-T*) = Q{T)^, and so g{T*) is weak*-closed; 

• D{T) is dense if and only if (A,0) G Q{T)-^ =^ A = 0, which is equivalent to Q{T*) being 
the graph of an operator (that is, the choice of A being unique); 



• g{T) = ^{g{T)^) = ^g'{-T*) and so D{T*) is weak*-dense, because g{T) is the graph of 
an operator. 

It follows that T* is a closed, densely defined operator, for the weak*-topology. We can similarly 
reverse the argument, and start with T*, and define a closed, densely defined operator T by setting 
D{T) = {x E E : 3y e E, {fi,y) = {T*{ij,),x) (/i G D{T*))} and T{x) = y. Furthermore, these 
two constructions are mutual inverses, so if we start with T*, form T, and then form the adjoint 
of T, we recover T*. We are not aware of an entirely satisfactory reference for this construction, 
but see [23l Section 5.5, Chapter III]. 
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Proof of Proposition \A.^ We apply the preceding discussion to r^i/2 acting on L°°{G). As r_j/2 
is the analytic generator of the a- weakly continuous group (tj), it follows from ^0\ that r_j/2 is 
cr-weakly closed and densely defined. Let T^-i/2 be the pre-adjoint, which from the above is hence 
a (norm) closed, densely defined operator on L^(G). It follows that D = D(r*^_j/2) and that u' = 
T^-i/2{u;) for u E D. The hypothesis of the proposition now simply states that x G D((r*^_j/2)*) 
and y = (r*^_j/2)*(x). The claim now follows from the fact that {T^-i/2)* = Tj/2- n 

We remark that, for example, this argument gives a very easy proof that LUG) is dense in 
L^(G), without the need for a "smearing" argument (compare with the discussion before Proposi- 
tion 3.1 in [21]). 
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